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Infrared multiple-angle incidence resolution spectrometry (IR-MAIRS) is a unique spectroscopic technique
to retrieve both surface-parallel (in-plane; IP) and -perpendicular (out-of-plane; OP) molecular vibration spectra
simultaneously from an identical thin-film deposited on a high refractive index substrate, and the measurement
theory was constructed by the use of a theoretical framework of regression equation. The core part of the
MAIRS theory is found in the weighting factor matrix, R, used for a linear combination, which was constructed
in an unusual manner. Because a regression equation does not strictly correlate the left- and right-hand sides
of the equation, R matrix cannot directly be deduced from Maxwell’s equation. Although the conventional
studies using IR-MAIRS gave excellent empirical results, a strict physical understanding of MAIRS is necessary;
otherwise, we cannot rely on it at least quantitatively. In the present study, the MAIRS theory has first been
analyzed by the use of Maxwell’s equations inductively. As a result, both MAIRS-IP and -OP spectra have
readily been expressed as a linear combination of the Im(εx) and Im(-1/εz) functions that correspond to the
conventional transmission and reflection-absorption spectra. Through the analysis of coefficients of the linear
combination, MAIRS has proved to be reliably useful for analysis of thin film on a high refractive index
substrate.

Introduction

Quantitative understanding of infrared spectra of thin films
has long been an analytical topic, and many analytical ap-
proaches have been proposed on the basis of the classical
electromagnetic theory starting from Maxwell’s equations. The
earliest successful analytical theory was proposed by Abelés,
who developed the transfer-matrix1,2 (or known as M-matrix3)
method, which drastically simplifies a calculation process of
transmission and reflection spectra of an accumulated thin film
(stratified medium). Although this theoretical calculus is useful
for any films made of heterogeneous stratified multilayers, the
calculus has an analytical limit that only optically isotropic
media can be analyzed. Therefore, molecular orientation analysis
in a film cannot be performed with the technique in principle
because molecular orientation yields optical anisotropy.

This analytical procedure can be simplified by Taylor
expansion in terms of the film thickness over the wavelength,
within the limit that only three-layer (such as air/film/substrate)
medium can be treated.4 The Taylor-expanded approximation
equation was later divided into two components by Hansen,
which correspond to the surface-parallel (in-plane; IP) and
-perpendicular (out-of-plane; OP) optical parameters.4 Because
coding of Hansen’s approximation equations on a computer was
very easy and uniaxial refractive indices were also easily taken
into account, the equations were conveniently used to analyze
infrared spectra for the evaluation of molecular orientation in a
thin film deposited on a transparent substrate.5 The approxima-
tion theory, however, is not applicable to a film deposited on a
metallic surface because both the first and third layers must be
transparent, which means that this technique is not employable
for the analysis of reflection-absorption (RA) spectra.6

To take uniaxial anisotropic structure into account without
using approximation, other useful analytical approaches were
proposed by various groups,7-10 and representative ones having
versatility are the 4 × 4 matrix methods individually proposed
by Berreman11 and Yeh.12 Both methods have widely been used
in both physics and chemistry fields for understanding the optical
properties and chemical structure in thin films. For example,
Parikh and Allara employed Yeh’s method for simulation of
infrared absorption spectra of LB films, and the empirical results
were in an excellent agreement with the simulated ones
involving uniaxial optical anisotropy.13

In this fashion, many different techniques have been proposed
thus far, but all conventional techniques are analytical results
of Maxwell’s equations, which means that each technique is a
different presentation of a dissolving process of Maxwell’s
equations, and there is no difference in principle between the
techniques. For example, these techniques commonly take
multiple reflections in each layer into account, which implies
that each layer should be sandwiched by optically parallel and
flat interfaces. This requirement is filled by LB films and self-
assembled monolayers (SAMs),14 but cast and dip-coated15,16

films having an optically coarse surface are not suitable for the
analytical techniques in principle.

To make a new way of understanding optical anisotropy by
measuring spectra, a novel analytical concept was introduced:
two spectra that correspond to the conventional transmission
(IP) and RA (OP) spectra are measured simultaneously by using
normal and virtual light, respectively.17-20 This new technique
was named multiple-angle incidence resolution spectrometry
(MAIRS). The virtual light means that the electric-field oscil-
lation is parallel to the traveling direction of the light. If we
had the virtual light, then an RA-like spectrum that retrieves
molecular vibrations in the OP direction can be measured by
the normal-incidence transmission geometry. The normal-
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incidence transmission geometry is an exceptional geometry that
the OP spectrum can directly be compared with the IP spectrum
because both spectra have a common absorbance scale.17-20 This
is a characteristic of the development of MAIRS.

For the development of the virtual-light measurements, a
totally different theoretical framework of “regression equation”21,22

was employed instead of using the conventional rigorous
equations. As described later, the core part of the MAIRS theory
depends on the R matrix that contains weighting factors of the
linear combination of the IP and OP single-beam spectra. When
a regression equation is employed as the framework, the linear
combination elucidates only a portion of the measured spectra,
and the deduction of the R matrix directly from Maxwell’s
equations is close to impossible. In this sense, the R matrix is
a magic matrix.

Through our application studies,15,16,19-25 MAIRS has proved
to work reliably to generate both IP and OP spectra from an
identical sample on an FT-IR bench. Nevertheless, no theoretical
analysis has been performed for understanding of MAIRS, which
is definitely necessary to use the MAIRS spectra for reliable
physicochemical discussion.

For this purpose, in the present study, the spectroscopic
measurements have been replaced by physical expressions,
where all the physical parameters are analytically derived from
Maxwell’s equations. As is often the case with spectroscopic
analysis of stratified layers, the analysis has started from Yeh’s
transfer-matrix with a dielectric tensor,2 which can be omitted
from the present discussion because it has already been
established. In our article, however, several original parameters
were newly introduced to make the calculations simpler, which
require descriptions of parameter determinations about the
transfer-matrix. Therefore, the analytical discussion part will
begin with the very basic electromagnetic theory.

Multiple-Angle Incidence Resolution Spectrometry Theory.
Before beginning the theoretical analysis of MAIRS, the outline
of the MAIRS theory should first be briefly introduced. The
MAIRS technique is theorized on a regression equation, as
presented in eq 1: a collection of single-beam spectra measured
at different angles of incidence, Sobs, is partially related to the
linear combination of normal-incidence single-beam spectra, sIP

and sOP, by using the MAIRS matrix, R, whereas the residual
part in Sobs, which is not correlated to the linear combination,
is discarded in U.17-20

Here R, which consisted of rIP,j and rOP,j, is defined17-20 as

In short, the collection of single-beam spectra is partially
described by transmission “intensities” of transverse- and
longitudinal-wave light rays (sIP and sOP), which are both
schematically irradiated onto the sample film perpendicularly.

The two single-beam spectra of sIP and sOP are calculated as
a solution of the regression equation by the next equation17

This procedure is repeated for both sample and background
measurements to yield two sets of sIP and sOP, which finally
yield IP and OP absorbance spectra.

In the present study, the validity of this technique will be
proved theoretically. Therefore, we have to express the S matrix
theoretically instead of using empirical values, and the algebraic
calculation will be performed with eq 3 in the next Theoretical
Analysis section.

Theoretical Analysis

1. Theoretical Fundamentals of Absorbance Spectra. The
MAIRS analysis requires a collection of single-beam spectra
that represent light-intensity variation against wavenumber at
several angles of incidence. In the present analysis, therefore,
the light intensity passed through the substrate covered with
thin films must be theoretically formulated first. For this purpose,
a stratified five-layer (air/film/substrate/film/air) medium is
considered, as schematically drawn in Figure 1, in which the
second and fourth layers correspond to the film layers and the
third layer corresponds to the transparent substrate. The five-
layer model represents a general symmetric double-sided LB
film deposited on an infrared transparent substrate. In the present
study, the optical axis is set aligned parallel to the z axis, and
the traveling direction of light for the oblique-angle incidence
transmission measurements is in the x-z plane. For a wide
variety of LB films, it is not a serious problem that the optical
axis is parallel to the z axis. With this model, the electric field
of the p polarization is within the x-z plane, whereas that of
the s polarization is parallel to the y axis.

The simplest model for analytical calculation should be a
uniaxial model with the optical axis aligned to the z direction.
Because MAIRS reveals only IP (x and y) and OP (z) spectra,
the uniaxial model with the z-directed optical axis model would
be good enough. Under this condition, the dielectric tensors of
the thin films, ε2 and ε4, can be simply expressed as

Here the uniaxial model requires εx,2 ) εy,2 * εz,2, and the film
thickness should be thin enough in comparison with the
wavelength of the light, d2 ) d4 , λ0.

At an interface of two adjacent layers, a part of the
incidental ray is reflected, and the rest transmits the interface
as schematically represented in Figure 2. These phenomena
are often expressed by using Fresnel’s reflection law and the
Snell’s law, respectively.26,27 The essentials of the phenomena
should be expressed by the continuities of electric and
magnetic fields at the interface. Here the p polarization is

Sobs ) (rIP,1 rOP,1

rIP,2 rOP,2

l l )( sIP

sOP
) + U ≡ R( sIP

sOP
) + U (1)

R ) ( 4
π)2(1 + cos2 θj + sin2 θj tan2 θj tan2 θj

l l ) (2)

( sIP

sOP
) ) (RTR)-1RTSobs (3)

Figure 1. Schematic image of a five-layer medium and light transmit-
ted through the medium.

ε2 ) (εx,2 0 0
0 εy,2 0
0 0 εz,2

) ) ε4 (4)
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modeled first, in which the magnetic-field oscillation is
perfectly aligned in the y axis.

Ej,x
i is an amplitude of electric field aligned in the x direction

at the jth interface, and the superscript, i, indicates that the
ray is “incident” on the interface. In a similar manner, the
reflected and transmitted rays are denoted by the superscripts
r and t, respectively. The rest superscript, rb, represents a
ray from multiple reflections in the layer (Figure 2). In this
manner, the physical model takes multiple reflections into
account for each layer except the first and the last layers.

Here the wavevector is decomposed into the amplitude, k,
and the unit vector, a.

In the present study, a monochromatic plane wave is considered.
Therefore, the derivative operators, ∇ and ∂/∂t, can be replaced
by ika and -iω, respectively, which makes Maxwell’s equations
largely simplified, as follows by the use of k ) ka.

Under the uniaxial anisotropy with the optical axis perpendicular
to the surface, p and s polarizations are coincident with the
extraordinary and ordinary rays, respectively, in the uniaxial
media.2 When the incidental plane is set in the x-z plane, ay )
0 holds, and the extraordinary ray has a characteristic that the
y component of electric field is zero (Ey ) 0). Therefore, after
eq 7-4, B is revealed to have only y component. Therefore, H
can be written as H ) Hyy, where y is the unit vector along the
y axis, which means that p polarization in the present optical
system is the same as TM polarization.

After eq 7-3, H × a ) ω/kD, D is deduced as

Here nj is a reduced refractive index, which can be determined
by Fresnel’s equation (ellipsoid of anisotropic dielectric con-
stants) to be2,26

where ε0ε ) ε and εj ) nj2 holds.
By putting eq 8 into the next relationship

the electric field is now expressed by using the magnetic field.

As a result, eq 5 is largely simplified, which has no electric
field term explicitly.

where

These formulas are a representation of the transfer-matrix
method by Yeh for our case. With the matrix, transmission and
reflection coefficients on any stratified layers can be calculated
as long as the uniaxial anisotropy and the optical axis along
the z axis are assumed.

The equations above hold at any interface, but no retardation
is taken into account when the light travels across the layers.
When the light having a wavelength of λ0 in vacuum goes across
a layer with a thickness of dj, the phase retardation, δj, can
simply be expressed as (Figure 2)

When the matrices in the equations above are denoted as

eqs 12-14 are simplified as

Figure 2. Schematic drawing of the layers and interfaces in the
stratified layers.

[Ej,x
i + Ej,x

r

Hj,y
i + Hj,y

r ] ) [Ej,x
t + Ej,x

rb

Hj,y
t + Hj,y

rb ] (5)

k ) ka ) k(sin θ
0

cos θ ) ≡ k(ax

ay

az
) (6)

D ·a ) 0 (7-1)

H ·a ) 0 (7-2)

a × H ) -ω
k

D (7-3)

a × E ) ω
k

B (7-4)

D ) nj
c

Hy( az

0
-ax

) (8)

1
ε̄
)

ax
2

εz
+

az
2

εx
(9)

D ) (εx 0 0
0 εx 0
0 0 εz

)E S E ) (εx
-1 0 0

0 εx
-1 0

0 0 εz
-1 )D (10)

E ) nj
c

Hy( azεx
-1

0
-axεz

-1 ) ⇒ Ex )
njHy

cεx
az (11)

[mj -mj

1 1 ][Hj,y
i

Hj,y
r ] ) [mj+1 -mj+1

1 1 ][Hj,y
t

Hj,y
rb ] (12)

mj ≡
az,j

i √εj

cεx,j
(13)

[Hj+1,y
i

Hj+1,y
r ] ) [exp(iδj+1) 0

0 exp(-iδj+1) ][Hj,y
t

Hj,y
rb ]

where δj ≡ 2π
dj

λ0
(14)

Nj ≡ [Hj
i

Hj
r ], Fj ≡ [ Hj

t

Hj
rb ], Qj ≡ [mj -mj

1 1 ], and

Pj ≡ [exp(iδj+1) 0
0 exp(-iδj+1) ] (15)
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Therefore, the magnetic field intensities in the fifth layer are
interrelated by the fourth interface to those in the first layer

where

With these determinations, for example, Q1
-1Q2 is calculated to

be the following

where

The subscript “p” indicates that the parameters are for p
polarization. Also note that there is no ray traveling in the -z
direction in the fifth layer, which means that H4

rb ) 0. As a
result, N1 for the five-layer medium has been calculated to be

where

In our case, it is no problem to assume that the substrate
thickness is much thicker than the wavelength of the light: d3

. λ0. With this approximation, the normalized light intensity
can be averaged as

To simplify eq 24 further, t13 and t31 are Taylor-expanded in
terms of η2 ≡ d2/λ0. Most analyte films are thin enough to the
wavelength, and η2 , 1 holds. When we consider the retardation
term to be

In the thin-film approximation, η , 1 holds well. If njj cos θj is
not so large (weak absorption), then |δj| , 1 should also hold.
Under the thin-film and weak absorption approximations, as a
result, Taylor-expansion was performed.

Another parameter, R13, is introduced to make the calculation
simpler.

Then

Therefore

Here let us consider the continuity of wavevectors at an
interface

When kj ) njω/c is considered, an expanded form of Snell’s
law for anisotropic media is obtained.

This equation can be solved by employing Fresnel’s equation
(eq 9) to yield

QjNj ) Qj+1Fj (16)

Nj+1 ) Pj+1Fj (17)

N1 ) �AP3
-1�BF4 (18)

�A ) Q1
-1Q2P2

-1Q2
-1Q3 (19-1)

�B ) Q3
-1Q2P2

-1Q2
-1Q1 (19-2)

Q1
-1Q2 ) 1

2m1
( 1 m1

-1 m1
)(m2 -m2

1 1 ) ) t12p
-1 ( 1 r12

r12p 1 )
(20)

tijp ≡
2mi

mi + mj
and rijp ≡

mi - mj

mi + mj
(|i - j| ) 1;

otherwise see eq 23) (21)

H4,y
t

H1,y
i

)
t13pt31p exp(iδ3)

1 - r31p
2 exp(2iδ3)

(22)

t13p ≡
t12pt23p exp(iδ2)

1 + r12pr23p exp(2iδ2)
,

t31p ≡
t32pt21p exp(iδ2)

1 + r32pr21p exp(2iδ2)
, and

r31p ≡
r32p + r21p exp(2iδ2)

1 + r32pr21p exp(2iδ2)
(23)

Isam
p

I0
p

) |H4,y
t

H1,y
i |2 )

|t13pt31p|2

|1 - r31p
2 exp(2iδ3)|

2
98
averaged |t13pt31p|2

1 - |r31p|4
(d3 . λ0) (24)

δj ) kzjdj ) kjazjdj )
ω
c

njjazjdj ) 2πη2njj cos θj

(25)

t13p ) t130p(1 + i
1 - r12pr23p

1 + r12pr23p
δ) + o(δ2)

where t130p )
t12pt23p

1 + r12pr23p
and δ ≡ δ3 (26)

R13 )
1 - r12pr23p

1 + r12pr23p
)

m2
2 + m1m3

(m1 + m3)m2
) R31 ≡ R

(27)

t13p ) t130p(1 + iRδ + o(δ2)) and

t31p ) t310p(1 + iRδ + o(δ2)) (28)

|t13pt31p|2 ) t130p
2 t310p

2 {1 + 4 Re(iRδ) + o(δ2)} (29)

kx1 ) kxj S k1ax1 ) kjaxj (30)

njj sin θj ) n1 sin θ1 ≡ X (31)
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With these parameters, the term of Rδ in eq 29 is calculated
as follows

By considering that m1, m3, and η are all real numbers, eq 33
is a little organized.

where εx ≡ εx2 ) εx4 is newly introduced. Because εxm2
2 can be

calculated to be

then

holds. Re (iεx) in eq 34 can be rewritten as

As a result, |t13pt31p|2 has been analytically deduced as

where

In a similar manner, |r31p|4 was also Taylor-expanded by the
use of the thin-film and weak-absorption approximations, and
the following formula has analytically been obtained

and

Now, we are at last ready for the calculation of transmission
of p polarization for the sample, Tp ≡ Tsam

p /TBG
p , with which an

absorbance spectrum would readily be calculated later. Here
related parameters are also introduced for the convenience of
calculation.

T is a transmission spectra normalized by the work function
that depends on the spectrometer and γ corresponds to the
polarization dependence of the spectrometer. With these pa-
rameters, the p-polarized transmission spectrum is analytically
calculated, followed by the Taylor expansion

where

Because C and Φ are both first-order functions of η, Tpcan
be simplified in terms of η as

here

and the newly appeared coefficients are defined as

In a very similar manner, s-polarization-related parameters can
also be deduced. Important results are selectively presented
below.

ε̄2 ) εx2 + (1 -
εx2

εz2
)X2 (32)

Rδ )
m2

2 + m1m3

(m1 + m3)m2
δ )

2πηεx2(m2
2 + m1m3)

m1 + m3
(33)

Re(iRδ) ) 2πη
m1 + m3

Re[iεx(m2
2 + m1m3)] )

2πη
m1 + m3

{Re(iεxm2
2) + m1m3 Re(iεx)} (34)

εxm2
2 ) εx

nj2
2 cos2 θ2

εx
2

)
ε̄2

εx
(1 - sin2 θ2) )

ε̄2 - X2

εx

) 1 - X2

εz
(35)

Re(iεxm2
2) ) -X2 Re( i

εz
) ) -X2

εz′′

|εz|
2
) -X2 Im(- 1

εz
)

(36)

Re(iεx) ) -εx′′ ) -Im(εx) (37)

|t13pt31p|2 ) t130p
2 t310p

2 (1 - Φ) (38)

Φ ≡ 8πη
m1 + m3

(m1m3 Im(εx) + X2 Im(- 1
εz

)) (39)

|r31p|4 ) r310p
4 (1 + C) where r310p )

r32p + r21p

r32pr21p + 1
)

m3 - m1

m1 + m3
(40)

C ≡
8ηm3

m3
2 - m1

2(m1
2 Im(εx) - X2 Im(- 1

εz
)) (41)

Tsam
p ≡

Isam
p

I0
p

, TBG
p ≡

IBG
p

I0
p

, � ≡
TBG

s

TBG
p

, γ ≡
I0
s

I0
p

(42)

Tp )
|t13pt31p|2

t130p
2 t310p

2

1 - r310p
4

1 - |r31p|4

) (1 - Φ)
1 - r310p

4

1 - (1 + C)r310p
4

= (1 - Φ){1 + ΓpC}

(43)

Γp ≡
r310p

4

1 - r310p
4

(44)

Tp ) (1 - Φ){1 + ΓpC} + o(η2) ) 1 - Φ + ΓpC + o(η2)

≡ 1 - Πp + o(η2) (45-1)

Πp ) Φ - ΓpC ) 8πη Im(εx) ·a
p + 8πη Im(- 1

εz
) ·bp

(45-2)

ap )
m1m3

m1 + m3
- Γp

2m3m1
2

m3
2 - m1

2
,

bp ) X2

m1 + m3
- Γp

2m3X
2

m3
2 - m1

2
(46)
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Then, the light intensity of unpolarized transmitted ray
through the sample, Isam

u , is formulated as follows

In the same manner, the light intensity of unpolarized
transmitted ray through the background, IBG

u , is formulated by
taking the three-layer model (no film layer) into account.

Therefore, an absorbance spectrum for the normal-incidence
transmission measurements, Au, is calculated from the sample
and background spectra by using ln(1 - x) = -x.

For the normal-incidence transmission measurements, θ1 )
0 holds, which means that bp in eq 46 is zero because X in eq
31 becomes zero. Therefore, the component of Im(-1/εz) that
appeared in Au is removed, and only the rest of the component
of Im(εx) remains, which is a characteristic of normal-incidence
transmission spectrometry.28

Let us consider a case in which the analyte film is deposited
on a high refractive index substrate, which is a normal condition
of the original infrared MAIRS.29 In the case of germanium
substrate, for example, the refractive index (n3) in the mid-
infrared region is roughly 4.0. With these parameters, the
numerically calculated result has been obtained, as presented
below

The coefficient of 0.2794 will be useful for examining the
MAIRS-IP spectrum, as shown in the next section.

In a similar manner, an RA spectrum can also be analytically
deduced. As is well known, RA spectrometry retrieves spectra
of the η Im(-1/εz) component selectively,28 which is comple-
mentary to the transmission spectrometry. In this article, the
deduction process is omitted.

2. Analysis of Multiple-Angle Incidence Resolution Spec-
trometry. Now, fundamental parts are all ready, and we are
moving to analysis of MAIRS. To do that, the theoretically
deduced light intensity is put in the Sobs matrix of MAIRS
theory, and the optimal solution is calculated by eq 3.

To make the calculation simpler, the R matrix is rewritten
as follows

With this formulation, the calculation steps are as follows

For the ratio calculation, either Isam
u or Tsam

p can be put in Ssam
obs ,

and the simpler form, Tsam
p , is chosen in the present study.

The sigma with θ represents summation for all angles of
incidence. Under the thin-film approximation, the absorbance
can easily be deduced in a way similar to the calculation of eq
45-2 as

Ts ) 1 - G - FΓs + o(η2) ≡ 1 - Πs + o(η2)

where Γs ≡
r310s

4

1 - r310s
4

(47)

G ) 8πη

1 + 
3

Im(εx), F )
16πη
3


3
1 - 
1

1
Im(εx) )

16πη
3

ε3 - ε1
Im(εx) (48)

Πs ) 8πη Im(εx)a
s where as ) 1


1 + 
3
+

Γs

2
3

ε3 - ε1
and 
j ) nj cos θj (49)

Isam
u ) Isam

p + Isam
s ) Tsam

p I0
p + Tsam

s I0
s)

TpTBG
p I0

p + TsTBG
s I0

s ) (Tp + Ts�γ)I0
pTBG

p )
{(1 + �γ) - (�γΠs + Πp)}I0

pTBG
p

(50)

IBG
u ) (1 + �γ)I0

pTBG
p (51)

Au ) -log(Isam
u

IBG
u ) ) - 1

ln 10
ln(Isam

u

IBG
u )

) - 1
ln 10

ln(1 -
Πp + �γΠs

1 + �γ )
= 1

ln 10( 1
1 + �γ

Πp + �γ
1 + �γ

Πs)

(52)

Au = 1
ln 10( 1

1 + �γ
Πp + �γ

1 + �γ
Πs) )

0.2794 ·8πη Im(εx) (53)

R ) ( 4
π)2(1 + cos2 θj + sin2 θj tan2 θj tan2 θj

l l )
≡ ( 4

π)2(xj yj

l l ) ≡ c(X Y ) (54)

(RTR)-1 ) 1

c2�[ YTY -XTY

-YTX XTX ]
where � ≡ (XTX)(YTY) - (XTY)(YTX) (55-1)

(RTR)-1RT ) 1
c�[ZIP

T

ZOP
T ] (55-2)

ZIP
T ≡ YTYXT - XTYYT, ZOP

T ≡ -YTXXT + XTXYT

(55-3)

∴[ sIP

sOP
] ) 1

c�[ZIP
T Sobs

ZOP
T Sobs

] (55-4)

TIP )
ssam

IP

sBG
IP

)
ZIP

T Ssam
obs

ZIP
T SBG

obs
and TOP )

ssam
OP

sBG
OP

)
ZOP

T Ssam
obs

ZOP
T SBG

obs

(56)

TIP )
∑

θ
ZIP{(1 + �γ) - (�γΠs + Πp)}I0

pTBG
p

∑
θ

ZIPI0
pTBG

p (1 + �γ)

) 1 -
∑

θ
ZIP(�γΠs + Πp)TBG

p

∑
θ

ZIP(1 + �γ)TBG
p

(57)
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where

The calculation of AOP is easily performed by the replacement
of the subscripts of IP by OP.

where

Of note is that the parameters of hx
IP, hz

IP, hx
OP, and hz

OP depend
on n1, n3, θj, and γ only, which are all free from optical
parameters of the analyte thin film. In this fashion, the MAIRS-
IP and -OP spectra for a five-layer medium have both readily
been deduced by using the in-plane (Im(εx)) and out-of-plane
(Im(-1/εz)) spectra. These explicit expressions of MAIRS
spectra are the first report.

As mentioned in the previous section, the normal-incidence
transmission spectrum is a function of Im(εx) only because bp

in eq 45-2 is zero. If this transmission spectrum quantitatively
agrees with the MAIRS-IP spectrum, then hx

IP should be close
to the factor of 0.2794, as found in eq 53. We employed n1 )
1 and n3 ) 4 for the calculation of hx

IP with the use of a wide
variety of the angles of incidence. As a result, we have found
that hx

IP always stays at about 0.2790 irrespective of the choice
of angles. This strongly proves that a MAIRS-IP spectrum
should be measured very stably, and it quantitatively agrees with
the conventional normal-incidence transmission spectrum.

On the other hand, the MAIRS-OP spectrum is expected to
correspond to the RA spectrum.17-20 As stated in the previous
section, the RA spectrum selectively observes the η Im(-1/εz)
component, whereas the rest of the Im(εx) component is largely
diminished.28 Because the RA spectrometry has a surface
enhancement factor in comparison with the transmission spec-
trometry, the absolute value of absorbance of an RA spectrum
cannot directly be compared with the corresponding MAIRS-
OP spectrum. The surface selection rule of the MAIRS-OP
spectrum, however, should be the same as that of RA spec-
trometry, which implies that the MAIRS-OP spectrum should

also largely depend on the η Im(-1/εz) component, whereas
hx

OP should be small enough. In short, hx
OP , hz

OP should hold.
With the same optical parameters used for the MAIRS-IP

examination, the two coefficients of hx
OP and hz

OP were calculated.
It has been revealed, as a result, that these two coefficients
largely depend on the range of the angle of incidence. In our
former studies, we employed the range from 45 through 10° by
7° (or sometime 5°) steps for obtaining satisfying results for
analyses on a germanium or silicon substrate.17-20 Our present
numerical calculation of the coefficients has revealed that hx

OP

, hz
OP holds enough with the experimental condition. In this

manner, a MAIRS-OP spectrum has been proven to correspond
to the RA spectrum.

When a low refractive index substrate such as n3 ) 1.5 was
used, the MAIRS-IP spectrum was still calculated to be stable,
whereas the OP spectrum was found to be largely degraded,
and hx

OP , hz
OP did not hold at all. These calculation results are

perfectly consistent with a theoretical analysis discussed on a
regressionequationwhenthep-MAIRStechniquewasproposed.30,31

In the case of p-MAIRS, a similar theoretical analysis based
on the classical electromagnetic theory can be performed, which
will be reported later.

Summary

The unique spectroscopic measurement theory of MAIRS
using a high refractive index substrate has inductively been
analyzed on the basis of Maxwell’s equations. The rigorous
analytical calculations of MAIRS-IP and -OP spectra have
revealed that both spectra can be expressed as a linear
combination of Im(εx) and Im(-1/εz) functions. The weighting
factors of the two functions were numerically calculated by the
use of optical parameters that are practically used in our daily
experiments. As a result, the MAIRS-IP spectrum is very robust
against the choice of the angle range of incidence, whereas the
OP spectrum is largely influenced by the experimental condition.
Fortunately, however, our experimental parameters were found
to be very good, which makes the MAIRS measurements
reliable, as expected through our previous experiments.

In addition, the MAIRS proves to be degraded when a low
refractive index substrate is used for the measurements, which
has long been pointed out by our previous p-MAIRS theory.30,31

In this manner, the original MAIRS technique17 has first been
understood from the viewpoint of the classical electromagnetic
theory.
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